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Vectors in space

ntroduction

The notion of vectors Is introduced mainly in grade 10 class.
Same In space.

v Every two points defined a unique vector
v' Notation: AB or %
v" Direction (Line of action): (AB)

v Sense: FromAto B

v Magnitude: “ﬁ” = AB



Vectors in space

2

ntroduction

Remarks
v AA=0
v AB = —BA

v 0 is a vector having the same direction as every vector



Vectors in space
Introduction

Equal vectors
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Vectors in space
Introduction
Opposite vectors
v u=—7

e Same direction

« Opposite sense
e Same norm

Vel

Am

Collinear vectors
v u=kv kelR
 Same direction

* |f k>0, same sense
If k <0, opposite sense

- |ldl| = |k| x |17
_
u
>
<€ R
v u=-—2v
u
>
>
v u=20v




Vectors in space
Introduction

Sum of two vectors

v’ U+ v is a vector

_
u

v If ABDC is a parallelogram, then
" AB + AC = AD and vice versa




Vectors in space
Introduction

Difference of two vectors
v/ U — ¥ isa vector |
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Vectors in space

[ntroduction

Remarks

a, b are two real numbers, u and v are two any vectors.

v (a+b)u =au+ bu
vV alu+v)=au+av

v a(bu) = (ab)u



u, v and w are three non collinear vectors in the
space.

Vectors in space ’
0 [_) | anar vectors /
Definition -

u , v and w are said coplanar when
an arbitrary point O and the three

points defined by: OA = %, OB = ¥ B
and OC = W are coplanar:
O; A; B and C belong to the same 0 _B
plane.
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Vectors In space

Remarks

€ If i, ¥ and W are coplanar, then exist 2 non zero real numbers a and b such
that w = au + bv (and vice versa)

© To prove that 4 points A, B, C and D are coplanar, it is sufficient to prove
that 3 vectors of these 4 points are coplanar.

€ If two of the three vectors i , ¥ and w are collinear, then the 3 vectors are
coplanar.



Vectors in space
Coplanar vectors
Example

A 5

AH = BG
B, C, G and F are coplanar
So BC , BF and AH are coplanar.




System of coordinates ‘,J

Basis BSA
Definition
Any non coplanar triple of vectors form a basis
In space. Orthonormal
- 7., system
. k | kg Y
k
-
J
O
O 2 O _
Any system = J J
—7
0 . Orthogonal —
' 1

L system



System of coordinates
Coordinates of a point
Definition

-

Consider the orthonormal system (0;7;7; k).
M Is any point of the space.

For every point M In the space, we can associate
a triplet (x; y; z) such that: OM = xI + yJ + zk

x 1S abscissa of M
y Is ordinate of M
z 1S elevation of M

—> 1]

(3.4,5)




System of coordinates
Coordinates ot a point
Remarks:

§JBYJUS - - L
~ v Misapoint in xy-plane: z,;, = 0

yz- plane v' M is a point of xz-plane: y,; = 0

v' M is a point on yz-plane: x,;, = 0
(x,y,2)

o - - . [

s y v' M is apoint on XAXIiS: y,, =z, =0

v’ M isapointon YAXIS: xy, =z = 0

xy- plane

v’ M s apoint on zZAXis: x,; =y, = 0



System of coordinates
Coordinates of a point

Remarks:

The sense of the elevation axis (z’z) is determine by
right hand rule. <
If we take our right hand and align the fingers with the
positive x-axis, then curl the fingers so they point in the
direction of the positive y-axis, our thumb points in the
direction of the positive z-axis.




System of coordinates

Coordinates of a point

Locating a point of given coordinates In space.
Consider the point M(3;4;5)

. (34,5

X

Step 1: Plot on (x’x) the point of abscissa 3.




System of coor dinates

Coordinates of a D pint

Locating a point of given coordingies InsPRee.
Consider the point M(3;4;5) Tep ( maw l
) i
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Step 2: Draw the parallel to (y’y) from the
previous point.




Svstem of coordinates ;

(

prdinates ol a point

Locatlng a pomt of given coordinates in space.
Consider the point M(3;4;5)

Z
N

. (G459

74 oy 3

X

Step 3: Plot on (y’y) the point of ordinate 4. i



System of coordinates ;
Coordinates of a point

Locating a point of given coordinates In space.
Consider the point M(3;4;5)

. (34,5 _”

P
X P

Step 4: Draw the parallel line to (x’x) from the
previous point.

‘‘‘‘
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System of coordinates
Coordinates of a point

Locating a point of given coordinates In space.

Consider the point M(3;4;5)

. (34,5

X

Step 5: Plot the intersection point of the two
drawn parallel.

‘‘‘‘




System of coordinates
Coordinates of a point

Locating a point of given coordinates In space.
Consider the point M(3;4;5)

. (34,5
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We get the point A(3;4;0)




System of coordinates
Coordinates ot a point |
Locating a point of given coordinates In space.
Consider the point M(3;4;5)

. (34,5

X

Step 6: Plot the point of elevation 5 on (z’z).



System of coordinates ;
Coordinates of a point

Locating a point of given coordinates In space. \
Consider the point M(3;4;5)

Z
A

. (34,5

- '1-‘

X

Step 6: complete the parallelogram formed by
the points A, O and the previous point on (z°z).



System of coordinates ;
Coordinates ot a point

Locating a point of given coordinates In space.
Consider the point M(3;4;5)

Ve P e £

We get the point M(3;4;5)



System ot coordinates

A 144 ‘y | \ L & A A } J \ ) J SVE ¥ )

Coordinates of a vector.

-

Consider a vector u in an orthonormal system (0;7;7; k).
u=xt+yj+zk
|[E]]| = x2 + y? + 22

-

Consider the two points A and B in an orthonormal system (0;7;7; k).
X158 = Xp — Xy

AB Y45 = Y8 — Ya

YaB = 4B ~ 24

“E” =\ (g — %)% + (V5 — ya)? + (25 — 24)?




System ot coordinates
Vector relations.

A 'l i 4
\ ) ) s i )
! L . | | :
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Consider the vector u, v and w in an orthonormal system (0;7;7; k).
If w = au + bvwherea,b € R, then:

Xiy = AXy + bxy

Yw = ayg + by
Zw = AZy + bz

As a result:
v fu=uv,thenxg =x3 ; y3=yv3 ; 2z = Z3
v Ifu=av,thenxy =axy ; yz=ayy ; zy = az



System ot coordinates
Analytic expressions

Example
Find the coordinates of w in each case:

Ov=2u; i=21+37-k

21 = 2(20 + 3] — k) = 41+ 6] — 2k

W=—U+38; #=20+3]—kand?=—]+ 2k

QO =

w = —1 + 30 = —(21+ 3] — k) + 3(—] + 2k)

—21—3]+k—3]+6k=—-21—6]+7k



System of coordinates
Analytic expressions

Collinear vectors.

-

Consider the vector u & v in an orthonormal system (0;7; ] ; k).
u and v are collinear vector if:

Example 1
u(2; —3;4) and v(10; —15; 20)

2 1
Xﬁka1—]’; 2=10k, =1_O=E
yg =kys ; —3=—-15k ; k=—==
4 1
Zﬂ’=k21—;; 4=20k; k=5=g
Sok=21 U=17
5 5

Then u & v are collinear vectors.



System of coordinates
Analytic expressions

Collinear vectors.

-

Consider the vector u & v in an orthonormal system (0;7; ] ; k).
u and v are collinear vector if:
Example 2
u(1; 0; —4) and v(2; —1; 5)
xgy =kxz ; 1=2k ; k=
yﬁ=ky17; 0=-1k ; k
So k doesn’t exist
Then u & v are not collinear vectors.

1
2
=0



System of coordinates
Analytic expressions

Collinear points.

To show that three points A, B and C are collinear, it is sufficient to show
that two vectors from these points are collinear.

Example

A(1;-1;2), B(2;0;4) and C(0;-2;0)
AB(1;1;2) ; AC(-1;-1;-2)

X =kxzz; 1=—-k ; k=-1
yﬁ=kyA—C>; 1=-1k ;: k=-1
Zﬁ=kzﬁ; 2 = =2k ) k=-—1
Sok=-1

Then A, B and C are collinear points.



System of coordinates
Analytic expressions

Coplanar vectors.

Example

u(1;-1;2), v(2;0;4) and w(0;-2;0)
Exist a & b such that w = au + bv

(2):a=1
(1:0=1+2b sob = —-

Xy = axy + bxy Verification:
0=a+2b(1) (3):0=2(1)+4(—§)
Yw = aYy + byp 0=2—2
—2=a (f)b 0 = 0 true

Zyw = AZy VAT o4 _1

0 = 2a + 4b (3) Soa=1b=—7

u , v and w are coplanar



System of coordinates . 5
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Coplanar points.

To show that four points A, B, C and D are coplanar, it is sufficient to show
that three vectors from these points are coplanar.

Remark
Four points form a tetrahedron means that these points are not coplanar.



System of coordinates
Analytic expressions

Midpoint of a segment.
| is the midpoint of [AB]:
( Xp+XxXp

xl —_ >

Ly, = ZVA‘;ZVB

. ZpAtZp
1T T2

i
Y

w

e

BSA

AcCADEMY

Center of gravity of a triangle
G Is the centroid of the triangle ABC.

( xatxptxc
XG — 2
__yatyptYc
V1 = ;
. ZpAtZptZc
T T 3




System of coordinates ;
Transtormation ot systems by translation

A
\
A
v
\
\
\
\
A
A}
A
= -
\

Coordinates of M in:
* the old system are (x; y; z)

e The new system (x'; y’7~’):




System of coordinates
Transtormation ot systems by translation

00’ b: -
0558 27 G 0n178)
(x;y; 2) (x5y52)

x=a+x' ; x'=x-—a
_— ! . I __

y_b__y ) y_y_b
z=c+2z ; z'=z—c¢

Find the new coordinates of M(1;-1;3) in the new system (0'; 7; J; k)
where O’(2;0;4).

x'=x—-2=1-2=-1 y'=y—-0=-1
z'=z—4=3—-4=-1






